We conducted a study on measuring W + W − production and on the sensitivity limits at 95% Confidence Level on thirteen anomalous couplings obtained by dimension-8 operators which are related to the anomalous quartic W W γγ couplings. We consider the main e − p → e − γ * γ * p → e − W + W − p reaction with the sub-process γ * γ * → W + W − at the Large Hadron electron Collider (LHeC) and the Future Circular Collider-hadron electron (FCC-he). For the LHeC, energies of the e − beams are taken to be E e = 60 and 140 GeV and the energy of the p beams is taken to be E p = 7 TeV. For the FCC-he, energies of the e − beams are taken to be E e = 60 and 140 GeV and the energy of the p beams is taken to be E p = 50 TeV, respectively. It is interesting to notice that the LHeC and the FCC-he will lead to model-independent limits on the anomalous quartic W W γγ couplings which are one order of magnitude stringent than the CMS Collaboration limits, in addition to being competitive with other limits reported in the literature. PACS numbers: 12.60.-i, 14.70.Fm, 4.70.Bh Keywords: Models beyond the standard model, W bosons, Quartic gauge boson couplings.
I. INTRODUCTION
In the Standard Model (SM) of Elementary Particles Physics [1] [2] [3] , electroweak gauge bosons (W ± , Z, γ) are introduced to preserve the local gauge symmetry SU(2) L × U(1) Y .
As a consequence, there is a universality among the couplings of fermions to the gauge boson, the three gauge bosons, and the four gauge bosons. This universality forms the basis of the success of the SM [4] . It is worth mentioning that, so far the fermion-gaugeboson couplings were tested precisely at various colliders, however, the direct measurement of the self couplings of the gauge bosons is not precise enough. For these reasons, it is very important to search and propose model-independent study to be able to measure with great precision the anomalous Quartic-Gauge-Boson Couplings (aQGC) of the W ± bosons.
In addition, on this subject, the aQGC W W γγ, W W Zγ, W W ZZ, W W W W provide a window into one of the most important problems in particle physics; the understanding of electroweak symmetry breaking.
The aQGC have been studied by LEP [5] [6] [7] [8] and Fermilab Tevatron [9, 10] . Presently, the aQGC are being probed extensively by ATLAS and CMS Collaborations at the Large Hadron Collider (LHC) [11, 12] . In addition, different theoretical and phenomenological groups have been carried several studies on the aQGC in a different context . However, the possibility of high-energy photon interactions in present and future colliders such as the LHC, the Large Hadron electron Collider (LHeC) and the Future Circular Colliderhadron electron (FCC-he) [47] [48] [49] [50] [51] [52] opens up the possibility of new research on the aQGC. These present and future projects offer a unique possibility for a novel and complementary research of the aQGC through the two-photon associated production and a pair of W ± bosons via the process e − p → e − γ * γ * p → e − W + W − p with the corresponding sub-process
This paper is organized as follows. In Sect. II, a brief review of the operators in our effective Lagrangian is provided. In Sect. III, we derive limits for the aQGC at the LHeC and the FCC-he. In Sect. IV, we present our conclusions.
II. THEORETICAL APPROACH OF THE AQGC W W γγ
Exploring the process e − p → e − γ * γ * p → e − W + W − p, as well as the aQGC W W γγ through precise measurements at the present and future facilities are quite challenging.
Thus, once such the aQGC W W γγ are measured with great precision, it must be a strong indication of new physics Beyond the Standard Model (BSM). Considering this situation, we performed a model-independent study of possible anomalous quartic W W γγ couplings, in the effective Lagrangian framework.
If baryon and lepton numbers are conserved, only operators with even dimension can appear in the effective field theory. Hence, firstly, the largest new physics contribution is anticipated from dimension-6 operators. Three CP conserving dimension-6 operators are
and two CP violating dimension-6 operators are
where Φ is the Higgs doublet field. In order to separate the effects of the quartic gauge couplings we shall consider effective operators that lead to the quartic gauge couplings without a triple gauge couplings associated to them. Also, not all possible QGCs are generated by dimension-6 operators. The lowest dimension operator that leads to quartic interactions but does not exhibit two or three weak gauge boson vertices is of dimension-8. For this reason, genuine quartic vertices are of dimension-8 or higher. The idea behind using dimension-8 operators for the quartic gauge couplings is that the anomalous quartic gauge couplings to study these couplings without having any theoretical prejudice about their size. Especially, vector boson scattering processes are widely recognized as the best laboratory to study dimension-8 operators, which modify only the V V V V quartic couplings.
The corresponding interaction effective Lagrangian comes from several SU(2) × U(1)
invariant dimension-8 effective operators that modify the interactions among electroweak gauge bosons is given by [53] 
In Eq. (8), there are 18 different operators that define the aQGC, and the indices S, T and M of the couplings represent three classes of genuine aQGC operators. For the first class of these operators, there are two independent operators below
where D µ is the covariant derivative and Φ denotes the Higgs double field. O S,0 and O S,1 operators in Eqs. (9)-(10) contain the quartic W W W W , W W ZZ and ZZZZ couplings.
These operators are also known as scalar operators.
Another alternative way to generate the aQGC is through operators containing D µ Φ as well as two field strength tensors, that is
which are known as mixed operators.
In the case, when the aQGC contain only four field strength tensors, the structure of the operators is represented by 
Next, we present Table I are of interest for the study that we carry out in this paper.
ITS ON THE AQGC AT THE LHEC
The main process e − p → e − γ * γ * p → e − W + W − p is given in Fig. 1 . In the case of investigating the anomalous W W γγ couplings, we take into account the sub-process γ * γ * → W + W − of the main process e − p → e − γ * γ * p → e − W + W − p. The anomalous W W γγ vertex contributions are shown in the first diagram of Fig. 2 , whereas the others depict the SM Feynman diagrams. Here, γ * flux in γ * γ * collisions is defined by the Weizsacker-Williams approximation (WWA) [57, 58] . The WWA, which is also known as method of virtual quanta, is a semiclassical approximation. The idea of this approximation is that the electromagnetic field generated by a fast moving charged particle is nearly transverse which is like a plane wave and can be approximated by real photon.
In the examined process, the effective Lagrangians with the anomalous quartic couplings are implemented to FeynRules package [59] and embedded into MadGraph5 − aMC@NLO [60] as a Universal FeynRules Output [61] . In order to examine the possibilities of the LHeC and FCC-he as an option to sensitivity estimates on the anomalous quartic W W γγ couplings, we focus on the e − p → e − γ * γ * p → e − W + W − p signal and background process.
Here, we choose the following set of basic cuts in the process ep → ν e W + W − j containing the anomalous quartic W W γγ vertex. For pure leptonic decay channel, these cuts are given 
Dimension-8 aQGC parameter
∆R(l, l) > 0.4, ∆R(j, l) > 0.4 (33) for semileptonic decay channel, applied cuts are
where η is the pseudorapidity, p T and ∆R are the transverse momentum and the separation of the final state particles, respectively.
In the WWA, two photons are used in the subprocess γ * γ * → W + W − . The spectrum of first photon emitted by electron is given as [62, 63] 
where x 1 = E γ * 1 /E e and Q 2 max is maximum virtuality of the photon. The minimum value of Q 2 min is shown as follows Second, the spectrum of second photon emitted by proton can be written as follows [62, 63] 
where the function ϕ is given by
Here,
Therefore, with this methodology, the total cross-section of the e − p → e − γ * γ * p → e − W + W − p process at the LHeC and the FCC-he is obtained from:
We calculate the dependencies of the Fig. 3 , but for semi-leptonic decay. Table I , we conclude that our results are of the same order of magnitude as the experimental results reported by the CMS Collaboration previously (see Table I ) and
FIG. 5: Same as in
compare favorably with other results reported in the literature by various authors and in [69] . In that study, the anomalous W W γγ coupling is investigated through e − p → ν e γγj at the LHeC and the FCC-he. The e − p → ν e γγj process, which has been studied at the LHeC and the FCC-he, is particularly important because it allows us to make a direct comparison with our results for the aQGC, as well as with the experimental results reported by the CMS Collaboration (see Table I ). In Ref. [69] , the limits obtained for the aQGC in the case of the FCC-he are up to two orders of magnitude better than those reported by the CMS Collaboration, and with respect to our results they are up to an order of magnitude better. 
ITS ON THE AQGC AT THE FCC-HE
Starting from the methodology that we presented in the previous sections for the evaluation of the total cross-section for the double production of W ± bosons, i.e. the Table   IX , the semi-leptonic decay channel of the W ± is considered. The scattering cross-section In Tables X-XIII, Table I ), which indicate the impact that the e − p → e − γ * γ * p → e − W + W − p For these reasons, the parameterization of new physics effects in e − p → e − γ * γ * p → e − W + W − p scattering via γ * γ * → W + W − is a useful tool for analyzing BSM at the LHeC and the FCC-he.
In conclusion, our results reported in this paper through Figs. 3-10 and Tables II-XIII on the total cross-section for the e − p → e − γ * γ * p → e − W + W − p process, as well as of the aQGC f M,i /Λ 4 and f T,i /Λ 4 , show that the e − p → e − γ * γ * p → e − W + W − p process is a very good option to measured the total cross-section and to probing the aQGC at the LHeC and the FCC-he with good sensitivity. 
